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Announcements

● Hw 4 out! Due today.
● CS Graduate Symposium – I’m presenting!

○ https://www.cs.purdue.edu/gsa/symposium.html 

https://www.cs.purdue.edu/gsa/symposium.html
















Whenever you see 
1. Array is sorted
2. O(log n) time required
99%* of the time, you can use a modified binary search

* Source: It was revealed to me in a dream



Example of Binary Search for x = 5

1 2 3 4 5 6 7 8

def binarySearch(A[1:n],x):
l = 1, r = n
while l <= r:

m = ⌊(l + r) / 2⌋
if A[m] == x:

return m 
elif A[m] < x:

l = m + 1
else: 

r = m - 1
return -1 
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Example of Binary Search for x = 5

1 2 3 4 5 6 7 8

def binarySearch(A[1:n],x):
l = 1, r = n
while l <= r:

m = ⌊(l + r) / 2⌋
if A[m] == x:

return m 
elif A[m] < x:

l = m + 1
else: 

r = m - 1
return -1 

L RM

First iteration done.
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Example of Binary Search for x = 5

1 2 3 4 5 6 7 8

def binarySearch(A[1:n],x):
l = 1, r = n
while l <= r:

m = ⌊(l + r) / 2⌋
if A[m] == x:

return m 
elif A[m] < x:

l = m + 1
else: 

r = m - 1
return -1 

L R M

Since L = R, we found x!



Important parts of Binary Search



Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

What should the search range be?



Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

What should the search range be?

L = 1, R = n, the missing index could be any index

L R



Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

When should we stop?
This is often much trickier, run through the algorithm to figure this out.

L R



Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

When should we stop?
This is often much trickier to figure out next. 
Instead, run through the binary search to figure out how to interval cut

L RM



Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

How should we cut the interval? What does A[m] and B[m] tell us?

L RM



Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

How should we cut the interval?

● A[m] == B[m] implies that everything before is equal. The missing 
element must be in the right half!

L RM
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How should we cut the interval?

● A[m] == B[m] implies that everything before is equal. The missing element 
must be in the right half!

● A[m] != B[m] implies that something in range [l,m] must be missing. 
The missing element must be in the left half!

Continue running the algorithm to figure out when to stop

Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

L RM



This seems like a good place to stop our algorithm. What’s the stop condition?

Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

L R M



This seems like a good place to stop our algorithm. What’s the stop condition?

Our case
1 2 3 4 5 6 7 8

1 2 3 4 6 7 8

L R M

When l == r



Last book keeping

Written slightly cleaner since we are guaranteed to have a missing element

def binarySearch(A[1:n],B[1:n-1]x):
l = 1, r = n
while l < r:

m = ⌊(l + r) / 2⌋
if A[m] = B[m]:

l = m + 1
else: 

r = m - 1
return l 





pivot p is set as last element

Ok… what does this do tho?



2 8 7 1 3 5 6 4

2 1 3 4 7 5 6 8



p: pivot 

j: goes through entire array

i : growing index of L 

2 1 3 4 7 5 6 8

L R



2 8 7 1 3 5 6 4

  l  r

i j

Start of the algorithm



2 8 7 1 3 5 6 4

  l  r

i j

A[j] = 2 < 4
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A[j] = 2 < 4
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2 8 7 1 3 5 6 4

  l  r

i

j

A[j] = 8 < 4? No
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2 8 7 1 3 5 6 4

  l  r

i

j



2 8 7 1 3 5 6 4

  l  r
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A[j] < 4? Nope
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2 8 7 1 3 5 6 4

  l  r

i
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A[j] = 1 < 4
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2 1 7 8 3 5 6 4
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2 1 7 8 3 5 6 4

  l  r

i
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We’ve done two swaps now. Insight?
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We’ve done two swaps now. Insight?
Everything up to i is less than the pivot
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2 1 7 8 3 5 6 4
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A[j] = 3 < 4, swap!
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A[j] = 3 < 4, swap!
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Everything up to i is less than the pivot



2 1 3 8 7 5 6 4

  l  r
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2 1 3 8 7 5 6 4

  l  r

i
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A[j] = 5 < 4? Nah
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That was the last for loop iteration
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2 1 3 4 7 5 6 8

  l  r

i

j

What did we just do?
Lets rewind a little
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That was the last for loop iteration

Everything up to i is less than the pivot
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That was the last for loop iteration
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pivot index = i + 1
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That was the last for loop iteration

Everything up to i is less than the pivot

pivot index = i + 1



2 1 3 4 7 5 6 8

  l  r

i

j

That was the last for loop iteration

Everything up to i is less than the pivot

pivot index = i + 1









Average case of quick sort is close to O(nlogn)

Suppose at each partition, we can guarantee a 999-to-1 split

How does our recurrence cost look like?

T(n) = 
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Average case of quick sort is close to O(nlogn)

Suppose at each partition, we can guarantee a 999-to-1 split

How does our recurrence cost look like?

T(n) = T(n / 1000) + T(999n / 1000) + cn

How about the tree?
n

n/1000                999n/1000      

n/1000                999n/1000      n/1000                999n/1000      

…………………………………..



Average case of quick sort is close to O(nlogn)

Suppose at each partition, we can guarantee a 999-to-1 split

How does our recurrence cost look like?

T(n) = T(n / 1000) + T(999n / 1000) + cn

How about the tree?
n

n/1000                999n/1000      

n/1000                999n/1000      n/1000                999n/1000      

…………………………………..

Takeaway: any constant 
fraction split is O(n log n)







6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 0 0 0 0 0 0 0
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freq 0 0 0 0 0 0 0
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Initialize our C array
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freq 0 0 0 0 0 0 0
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A[i] = 6



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 0 0 0 0 0 0 0

i

A[i] = 6

C[A[i]] = C[6]



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 0 0 0 0 0 0 1

i

A[i] = 6

C[A[i]] = C[6]

C[6] += 1



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 0 0 0 0 0 0 1

i
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Initialize our C array

k 0 1 2 3 4 5 6

freq 0 0 0 0 0 0 1

i

A[i] = 0



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 1 0 0 0 0 0 1

i

A[i] = 0

C[0] += 1



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 1 0 0 0 0 0 1

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 1 0 1 0 0 0 1

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 1 0 1 0 0 0 1

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 0 1 0 0 0 1

i

Going faster..



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 1 1 0 0 0 1

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 1 1 1 0 0 1

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 1 1 1 1 0 1

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 1 1 1 1 0 2

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 2 1 1 1 0 2

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 2 1 2 1 0 2

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 2 2 2 1 0 2

i



6 0 2 0 1 3 4 6 1 3 2

Initialize our C array

k 0 1 2 3 4 5 6

freq 2 2 2 2 1 0 2

Next up
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freq 2 2 2 2 1 0 2
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6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 2 2 2 1 0 2

i

C[1] = C[1] + C[0]



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 2 2 1 0 2

i

C[1] = C[1] + C[0] = 2 + 2



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 2 2 1 0 2

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 2 2 1 0 2

i

C[2] += C[1]



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 2 1 0 2

i

C[2] += C[1] = 6



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 2 1 0 2

i

C[2] += C[1] = 6

C[i - 1] = # of elements before i in the sorted array 
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k 0 1 2 3 4 5 6

freq 2 4 6 8 1 0 2
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freq 2 4 6 8 9 0 2
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k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 2
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k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

B



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11
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freq 2 4 6 8 9 9 11

B
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A[i] = 2
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k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

B

i

A[i] = 2
C[A[i]] = 6 



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

B

i

A[i] = 2
C[A[i]] = 6 



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

B

i

A[i] = 2
C[A[i]] = 6
B[C[A[i]] - 1] = B[5] 



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

2
B

i

A[i] = 2
C[A[i]] = 6
B[C[A[i]] - 1] = B[5] Set B[5] = A[i] = 2



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

2
B

i

A[i] = 2
C[A[i]] = 6
B[C[A[i]] - 1] = B[5] Set B[5] = A[i] = 2 why?

C[i] = # elements less than or equal to i 



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 2
C[A[i]] = 6
B[C[A[i]] - 1] = B[5] Set B[5] = A[i] = 2 why?

C[i] = # elements less than or equal to i 
When sorted, elements before B[5] look like.. 



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 2



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 2
C[A[i]] = C[2]



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 2
C[A[i]] = C[2]      C[2] -= 1



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 2
C[A[i]] = C[2]      C[2] -= 1

Intuition: We placed the first 2 down, only one 2 left



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 2
C[A[i]] = C[2]      C[2] -= 1

Intuition: We placed the first 2 down, only C[2] - C[1] 2 left



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 3
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k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 3
C[A[i]] = C[3] = 8



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2
B

i

A[i] = 3
C[A[i]] = C[3] = 8
Set B[8 - 1] = 3



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2 3
B

i

A[i] = 3
C[A[i]] = C[3] = 8
Set B[8 - 1] = 3 why?



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2 3 3
B

i

A[i] = 3
C[A[i]] = C[3] = 8
Set B[8 - 1] = 3 why?



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 8 9 9 11

0 0 1 1 2 2 3 3
B

i

A[i] = 3
C[A[i]] = C[3] 



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 7 9 9 11

0 0 1 1 2 2 3 3
B

i

A[i] = 3
C[A[i]] = C[3]
C[3] -= 1 
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freq 2 4 5 7 9 9 11
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freq 2 4 5 7 9 9 11

0 0 1 1 2 2 3 3
B

i

This should be B[3] from our picture
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k 0 1 2 3 4 5 6

freq 2 4 5 7 9 9 11

0 0 1 1 2 2 3 3
B

i

This should be B[3] from our picture
A[i] = 1, C[A[i]] = 4, so true



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 5 7 9 9 11

0 0 1 1 2 2 3 3
B

i

This should be B[3] from our picture
A[i] = 1, C[A[i]] = 4, so true



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 7 9 9 11

0 0 1 1 2 2 3 3
B

i

This should be B[3] from our picture
A[i] = 1, C[A[i]] = 4, so true
Then decrement the count
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6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 7 9 9 11

0 0 1 1 2 2 3 3
B
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C[6] = 11



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 7 9 9 11

0 0 1 1 2 2 3 3 6
B
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C[6] = 11



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 7 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B

i

C[6] = 11
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k 0 1 2 3 4 5 6

freq 2 3 5 7 9 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i
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k 0 1 2 3 4 5 6

freq 2 3 5 7 9 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 7 9 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 7 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 7 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 7 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 3 5 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 2 5 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 2 5 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 2 5 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 1 2 5 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 1 2 4 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 0 2 4 6 8 9 10

0 0 1 1 2 2 3 3 4 6 6
B

i



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 0 2 4 6 8 9 9

0 0 1 1 2 2 3 3 4 6 6
B

i

Done!





Wait! Sounds familiar..



6 0 2 0 1 3 4 6 1 3 2

k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B

A

The counting array kept track of C[i] = # elements less than or equal to i 



k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B

The counting array kept track of C[i] = # elements less than or equal to i 



k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B

The counting array kept track of C[i] = # elements less than or equal to i 



k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B

The counting array kept track of C[i] = # elements less than or equal to i 

# elts in range [0,0] = C[0]



k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B

The counting array kept track of C[i] = # elements less than or equal to i 



k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B

The counting array kept track of C[i] = # elements less than or equal to i 

# elts in range [0,1] = C[1] 
   = 4 



k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B

The counting array kept track of C[i] = # elements less than or equal to i 



k 0 1 2 3 4 5 6

freq 2 4 6 8 9 9 11

0 0 1 1 2 2 3 3 4 6 6
B
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The counting array kept track of C[i] = # elements less than or equal to i 

# elts in range [a,b] = C[b] - C[a - 1]  

C[b] - C[a - 1] = (# elts <= b) - (# elts <= a - 1) = # elts in [a,b]
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Exchange Sort: for i = 0,..., n - 2:

Compare i’th elt with j = i +1, …, n - 1 elt

Swap elements if i’th > j’th 

# of compares = 
Exercise: do this math at home
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Are there arrays where we do this?
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5 4 3 2 1

Exercise: confirm this works at home



“Bubble Sort is the simplest sorting algorithm that works by repeatedly swapping 
the adjacent elements if they are in the wrong order.”
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