
PSO 10
Strong Connection

https://justin-zhang.com/teaching/CS251 
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Strongly connected component?
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Can either increase/decrease/stay the same.

Can it increase?
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Can either increase/decrease/stay the same.

Can it increase? No

Can it decrease?
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Can either increase/decrease/stay the same.

Can it increase? No

Can it decrease? Yes

Can it stay the same?
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Can either increase/decrease/stay the same.

Can it increase? No

Can it decrease? Yes

Can it stay the same? Yes
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Oh boy, lets start with an informal proof



( → ) Suppose G has an Euler tour.

We want to show every vertex v has indeg(v) = outdeg(v).



( → ) Suppose G has an Euler tour.

We want to show every vertex v has indeg(v) = outdeg(v).

Suppose not, that there is a vertex v with indeg(v) > outdeg(v).

v



( → ) Suppose G has an Euler tour.

We want to show every vertex v has indeg(v) = outdeg(v).

Suppose not, that there is a vertex v with indeg(v) > outdeg(v).

An Euler tour is a cycle i.e. each incoming edge is “paired” with an outgoing edge

v



( → ) Suppose G has an Euler tour.

We want to show every vertex v has indeg(v) = outdeg(v).

Suppose not, that there is a vertex v with indeg(v) > outdeg(v).

There will be an edge left over!

v



( → ) Suppose G has an Euler tour.

We want to show every vertex v has indeg(v) = outdeg(v).

Suppose not, that there is a vertex v with indeg(v) > outdeg(v).

There will be an edge left over!

Exercise: show the same holds when indeg(v) < outdeg(v)

v



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour
v
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( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

Suppose I delete a vertex (x)
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( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1
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( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

If we instead find an Euler path from u → y,  
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( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

If we instead find an Euler path from u → y,

We can just add back x to get an Euler tour  

v

w
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u



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

So let’s find an Euler path in this graph

v
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u

Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

Suppose I delete y

v

w

y
x

u

Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

Then there are vertices u,w such that:

indeg(w) = outdeg(w) + 1

indeg(u) = outdeg(u) - 1
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u

Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

This new graph (deleted y) shares the same structure as the previous graph.. We can induct 
on the number of edges!
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Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1

Then there are vertices u,w such that:

indeg(w) = outdeg(w) + 1

indeg(u) = outdeg(u) - 1



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

By Induction there is an Euler path from u → w

v
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u

Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1

Then there are vertices u,w such that:

indeg(w) = outdeg(w) + 1

indeg(u) = outdeg(u) - 1



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

Add back y

v
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y
x

u

Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1

Then there are vertices u,w such that:

indeg(w) = outdeg(w) + 1

indeg(u) = outdeg(u) - 1



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

Add back x

v
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x

u

Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1

Then there are vertices u,w such that:

indeg(w) = outdeg(w) + 1

indeg(u) = outdeg(u) - 1



( ← ) Suppose indeg(v) = outdeg(v) for all vertices v. 

We want to show there is an Euler tour

Complete the tour!

v
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u

Then there are vertices u,y such that:

indeg(y) = outdeg(y) + 1

indeg(u) = outdeg(u) - 1

Then there are vertices u,w such that:

indeg(w) = outdeg(w) + 1

indeg(u) = outdeg(u) - 1



u/v A B C D E

A 0

B 0

C 0

D 0

E 0



What’s your algorithm Warshall/Floyd/Ingerman/Roy/Kleene?





R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A

B

C

D

E



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A

B

C

D

E

i = A
j = A



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0

B

C

D

E

i = A
j = A



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1

B

C

D

E

i = A
j = B



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1

B

C

D

E

i = A
j = C



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1

B

C

D

E

i = A
j = C



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1 0

B

C

D

E

i = A
j = D



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1 0 0

B

C

D

E

i = A
j = E



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1 0 0

B 0

C

D

E

i = B
j = A

What's the final R(0)?



R(-1

)
A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = A

R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

i = B
j = A

Whats the final R(0)?
Same as R(-1), why? 



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1

B 1 1

C 1

D 1

E

i = A
j = A



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1

B 1 1

C 1

D 1

E

i = A
j = B



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1

B 1 1

C 1

D 1

E

i = A
j = C



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1

B 1 1

C 1

D 1

E

i = A
j = D



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1

B 1 1

C 1

D 1

E

i = A
j = D



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1 ?

B 1 1

C 1

D 1

E

i = A
j = E



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1 0

B 1 1

C 1

D 1

E

i = A
j = E



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1 0

B 1 1

C 1

D 1

E

i = B
j = A

What's the final R(1)?



R(0) A B C D E

A 0 1 1 0 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = B

R(1) A B C D E

A 0 1 1 1 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

i = B
j = A

What's the final R(1)?



R(1) A B C D E

A 0 1 1 1 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = C

R(2) A B C D E

A

B

C

D

E

What's the final R(2)?



R(1) A B C D E

A 0 1 1 1 0

B 0 0 1 1 0

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = C

R(2) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

What's the final R(2)?



R(2) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = D

R(3) A B C D E

A

B

C

D

E

What's the final R(3)?



R(2) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = D

R(3) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

What's the final R(3)?



R(3) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

k = E

R(4) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

What's the final R(4)?



R(4) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0

Summary
For each k = A,B,C,D,E:

For each i = …:
For each j = …:

Check if there is a path between
i and j through k

R(-1): Adj Matrix
R(0/A):  R(-1) + (paths through A)
R(1/B):   R(0/A)+ (paths through B)
R(2/C):  R(1/B) + (paths through C)
R(3/D):   R(2/C)+ (paths through D)
R(4/E):   R(3/D)+ (paths through E)



R(4) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0



R(4) A B C D E

A 0 1 1 1 1

B 0 0 1 1 1

C 0 0 0 0 1

D 0 0 0 0 1

E 0 0 0 0 0 The transitive closure can help here





Let's draw Gd
First, calculate deg(v)

v deg(v)

1

2

3

4

5

6

7



Let's draw Gd

v deg(v)

1 3

2 3

3 3

4 4

5 3

6 3

7 3

1

2
7

4

3

6

0
5



Let's draw Gd

v deg(v)

1 3

2 3

3 3

4 4

5 3

6 3

7 3
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v deg(v)

1 3

2 3

3 3

4 4

5 3

6 3

7 3

1

2
7

4

3

6

0
5



If we run Warshall..

1

2
7

4

3

6

0
5

u/v 0 1 2 3 4 5 6 7

0 1 1 1 1 1 1 1

1 1 1 1 1 1

2 1 1 1

3 1 1 1

4

5 1 1

6 1 1

7 1

Observations:



If we run Warshall.. u/v 0 1 2 3 4 5 6 7

0 1 1 1 1 1 1 1

1 1 1 1 1 1

2 1 1 1

3 1 1 1

4

5 1 1

6 1 1

7 1

Adding (4,0) makes strongly connected

1

2
7

4
3

6

0

5



“Pulling” the graph to make source/sink a little more clear
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“Pulling” the graph to make 1st level a little more clear

1

2

7

4

3 6

0

5

Note: Exclude prev. “pulled” nodes



“Pulling” the graph to make 2nd level a little more clear

1

2 7

4

3
6

0 5



“Pulling” the graph to make 3rd/4th level a little more clear

1

2

7

4

3
6

0 5



I can write out the topo orderings slightly easier now

1

2

7

4

3
6

0 5

Any node on the same level can go in either order



Idea: chain by chain


